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We introduce a mechanism to stabilize spatiotemporal solitons in Kerr nonlinear media, based on the dispersion of linear coupling 
between the field components forming the soliton states. Specifically, we consider solitons in a two-core guiding structure with 
inter-core coupling dispersion (CD). We show that CD profoundly affects properties of the solitons, causing the complete stabili-
zation of the otherwise highly unstable spatiotemporal solitons in Kerr media with focusing nonlinearity. We also find that the 
presence of CD stimulates the formation of bound states, which however are unstable. 
 
 
The stability of solitons is a problem of fundamental sig-
nificance in optics and studies of atomic Bose-Einstein con-
densates (BECs) [1-3]. A general problem is that in a uni-
form medium with cubic nonlinearity, induced by the Kerr 
effect in optics and inter-atomic collisions in BEC,  two- and 
three-dimensional (2D and 3D) soliton solutions are highly 
unstable due to the occurrence of the critical and supercriti-
cal collapse in the 2D and 3D settings, respectively [4,5]. In 
particular, the 2D nonlinear Schrödinger equation (NLSE) 
equation gives rise to the so-called Townes soliton (TS) [6], 
which is degenerate  in free space, in the sense that it occurs 
only for a single value of the energy flow. On physical 
grounds, the TS represents an unstable state that separates 
the regimes of light spreading caused by diffraction and non-
arrested self-focusing, termed beam collapse [4,5]. Over the 
years, physical systems governed by the two-dimensional 
NLSEs coupled by nonlinear or linear terms have been stud-
ied, giving rise to two- or multi-component versions of the 
TS, which are unstable too [7]. 
A variety of approaches to cope with the problem and 
thus stabilize multidimensional soliton propagation in ma-
terials with Kerr nonlinearity have been suggested. Among 
them is the utilization of external linear potentials [8,9], in-
homogeneous nonlinearities [10,11], addition of competing 
nonlinear terms [12] and nonlocality of the material re-
sponse [13,14], longitudinal modulations of the material pa-
rameters [15], as well as inclusion of various dissipative ef-
fects, to name just a few approaches. Nevertheless, elucida-
tion of physical mechanisms that can be implemented in 
practice remains an important task, as, because of the uni-
versality of the Kerr nonlinear response, it may open the 
way for creation of stable excitations in a large variety of 
physical settings. Recently, an indication of the existence of 
a new stabilization mechanism was reported in Ref [16], for 
a binary BEC with linear spin-orbit coupling between two 
components. Such coupling enters the governing equations 
through first-order spatial derivatives of the wave functions 
[17,18]. Two-dimensional soliton complexes in such a system 
of coupled NLS equations were shown to be stable as the 
derivative linear coupling lifts the degeneracy, thus protect-
ing them from the collapse-driven instability. Generally, the 
spin-orbit coupling has been shown to allow formation of a 
variety of matter-wave solitons [19-23]. 
In this Letter we show that a related general mecha-
nism, but stemming from a different physical effect, viz., 
temporal dispersion of the linear coupling between field 
components, stabilizes spatiotemporal optical solitons in 
Kerr media as well. As an example of the scheme where the 
mechanism can be realized, we consider the soliton propaga-
tion in a focusing Kerr material with anomalous group-
velocity dispersion (GVD), structured as a dual-core planar 
waveguide, with shallow modulation of the refractive index 
only along one of the transverse axes ( )y . In the framework 
of coupled-mode theory, the propagation of light in such a 
planar dual-core waveguide is governed by two coupled 
NLSEs for the scaled field amplitudes 1,2q  in the two cores 
of the guiding structure: 
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Here the transverse coordinate 0/x x  and the propa-
gation distance dif/z L  are normalized, respectively, to a 
characteristic spatial scale 0x  and diffraction length 
2
dif 0L kx , where k  is the wavenumber, and 1gr 0( )/t v z t    
is the normalized reduced time, with characteristic temporal 
scale 2 2 1/20 dif( / )t L k     determined by the GVD, 
2 2/k   . The strength of the linear coupling between the 
cores, 2dif 1 1 2 1( / ) /c kL n n w w d w d     , is determined by the overlap integral between the modes 1,2( )w   of the indi-
vidual planar waveguides and by the refractive index varia-
tion 1,2( )n n    inside the individual waveguides, in the 
direction of 0/y x  perpendicular to the cores; the coeffi-
cient   in Eq. (1) accounts for a possible refractive-index 
mismatch between the cores; finally, 
1
0 ll( / )[2/ / ]c t        , where l  is the amplitude of 
the permittivity modulation, characterizes the first-order 
coupling dispersion (CD), introduced for dual-core fibers in 
[24,25]. Naturally, the CD becomes more pronounced as the 
pulse width decreases. From the experimental point of view, 
realization of sufficiently strong CD necessary for soliton 
stabilization may be achieved by proper engineering of the 
geometry of coupled waveguides. The field amplitudes in Eq. 
(1) are defined as 
22 4 2
1,2 2 dif 1,2 1,2 1,2( / ) /q kn L n E w d w d    , where 2n  is the nonlinear refractive index, with the nonlinear contribu-
tion to the refractive index in each core determined solely by 
the field amplitude in the same core. One can see that Eq. 
(1) describes the propagation of effectively two-dimensional 
excitations that are allowed to diffract along the spatial  axis 
  and disperse in time  , while the field structure along direction  , perpendicular to the cores, is represented by 
amplitudes 1,2q . The parameters of the medium do not vary 
along   or  . 
In addition to the energy flow, 
 2 21 2| | | |U q q d d   , and the momentum, Eqs. (1) conserve the Hamiltonian, 
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We search for soliton solutions of Eq. (1) with the form 
1,2 1,2( , , ) ( , )exp( )q w ib      , with complex stationary 
functions  1,2 1,2 1,2Re Im( )w w i w  . To understand the 
conditions required for the formation of stationary solutions, 
we first consider the spectrum of the linear version of Eq. 
(1). Letting 1,2 1,2 exp( )linq a ik i ib     , where k  and 
  are the wavenumber and frequency, and b  is the propa-
gation constant, one arrives at the linear dispersion relation: 
 2 2 2 2 1/2(1/2)( ) [ ( ) ] .b k c          (3) 
The dependence ( , )b k   is symmetric with respect to 
the k , but asymmetric with respect to  . The localized 
nature of the soliton solutions requires that their propaga-
tion constant belongs to the region 
co( , , ) max[ ( , )]b b c b k    , where we take into account 
that b b  in Eq. (3). Thus, a localized soliton solution should bifurcate from the upper edge b  of the spectrum (3) 
at 0k   and 0 , if 0c . This suggests that the phase 
front of the soliton is tilted along the  -axis. The upper edge 
of the linear spectrum monotonically grows with the in-
crease of mismatch   or of CD  . We set 1c , unless stat-
ed otherwise. 
 
 
Fig. 1. Absolute value and real and imaginary parts of the 
field of fundamental solitons for 1   (a)-(f) and 2.5   (g)-
(l) at 5b  , 3  . The panels show the , [ 5, 5]      win-
dow and the solutions correspond to the circles in Fig. 2(b). 
 
We are interested in soliton solutions carrying most of 
the energy flow in the first core of the guiding structure (i.e., 
in the component 1q ), which are similar to so-called slow 
vector states, which typically feature enhanced stability in 
comparison with other soliton branches in bimodal systems 
[26-29]. Representative examples of fundamental soliton 
shapes are shown in Fig. 1. In the general case, with , 0c 
, both components 1,2w  exhibit a nontrivial phase structure. 
The real parts of the field are even in   and  , while the 
imaginary parts are even in  , but odd in  . The field 
phases are close to the linear functions 
1,2 1,2 1,2arg( )w   . Noticeable deviations from this 
linear phase profile are observed only for relatively small 
CD, 1 , around intensity maxima of soliton solutions. The 
frequencies 1,2  greatly increase with  , causing pro-
nounced oscillations in the real and imaginary parts of the 
field [compare Figs. 1(c) and 1(i)]. An increase of   at a fixed 
b , leads to a progressive broadening of the soliton solutions, 
and a decrease of their amplitude. While the profile of the 
absolute value of the field in the first core is always bell-
shaped [as in Fig. 1(a)], in the second core one can see two 
bright spots, which represent a specific structure of the 2q  
field imposed by the CD [Fig. 1(d)]. Note that at 0c , in the 
absence of the constant part of the inter-core coupling, one 
may construct soliton solutions in which the only non-
vanishing  components are 1Re( )w  and 2Im( )w . 
Typical dependences of the energy flow U  of the station-
ary solutions versus their propagation constant and the val-
ue of CD are presented in Fig. 2, for both 1c  and 0c . 
The dependence ( )U b  for 1c  is non-monotonous [Fig. 
2(a)]. One observes that U increases at b , but it rapidly 
grows when b  approaches cutoff cob  (for b  close to cob , U  
substantially exceeds the TS energy flow, i.e. T 5.85U  ). 
The soliton amplitude vanishes at cutoff, while its width 
monotonically grows at cob b [in particular, cob   at 
0c , see Eq. (3)]. The larger the value of the propagation 
constant, the more pronounced the soliton localization. 
The plots show that soliton solutions exist above a 
threshold value of U  that may be substantially lower than 
TU . Thus, inclusion of the CD reduces the soliton existence 
threshold. In Fig. 2(a) we also observe that, as b  increases, 
U  asymptotically approaches TU . This is explained by the 
strong imbalance of the energy flows in the two cores, 
1 2U U , due to a large mismatch of the respective propaga-
tion constants, b   and b  . The imbalance is an im-
portant property, which makes it possible to obtain analyti-
cal results for the stationary solitons, as shown below. The 
stability/instability transition in Fig. 2(a) only partly com-
plies with the Vakhitov-Kolokolov criterion / 0dU db  [4,5]. 
 
 
Fig. 2. (a) Energy flow of fundamental solitons versus (a) the 
propagation constant for 3  , 2  , and (b) the CD for 
5b  , 3  . Horizontal dashed lines indicate the energy 
flow of the TS T 5.85U  [4,5], while vertical dashed lines in-
dicate the boundary of the linear spectrum at 1c  . Circles 
in (b) correspond to solitons in Fig. 1. (c) Hamiltonian versus 
energy flow for 3  , 1c  . The red dot stands for the TS, at 
3  , 0c  , 0  . Stable and unstable soliton branches are 
shown by black and green lines, respectively. Families for all 
values of   asymptotically approach the energy flow corre-
sponding to the TS. 
Figure 2(b) shows the dependence ( )U   for a fixed prop-
agation constant. This dependence is non-monotonous too. 
An increase of the CD initially causes a decrease of U , start-
ing from TU  at 0c    (which is explained below analyti-
cally), but at co   one is again approaching the edge of 
the linear spectrum, that leads to broadening of the soliton 
and rapid growth of U . Figure 2(c) shows that, unlike the 
TS, which is represented by an isolated dot on the Hamilto-
nian – energy flow plane, in the case of nonzero CD one ob-
tains continuous ( )H U  families. Such dependences can be 
used for drawing conclusions about soliton stability [30]. The 
upper branches of ( )H U  dependencies corresponding to the 
regions where / 0dU db , are nearly linear. While such 
upper branches do not realize the lowest value of the Hamil-
tonian for a given value of the energy flow, thus may be 
viewed as excited states, a small portion of them was found 
to correspond to stable propagation too. 
As mentioned above, the two-component soliton solutions 
tend to be strongly asymmetric, i.e. 2 1q q . Approximate 
analytical solutions can be obtained for such strongly 
asymmetric states, assuming that b  and   are large 
enough, while the difference 0b b      is relatively 
small. In the zero-order approximation, the solution to the 
stationary version of Eq. (1) is 1 T( )w w  , 2 0w  , where 
2 2 2     and T( )w   is the standard TS [4,5]. In the next 
approximation, one gets 1 12 T T(2 ) ( / )w cw i dw d      
and 11 TIm( )w c w  . At the same order, the equation 
for a correction to 1Re( )w  is 
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An exact solution (1) 1 2 T1Re( ) (2 ) ( ) /w dw d   to Eq. (4) 
can be obtained when 0c , which yields the corresponding 
correction to the soliton energy flow, 
(1)(1) 1 2
T T12 Re( ) (2 )U w w d d U     . Comparing it 
with the numerical result displayed in Fig. 2(b) for 0c , we 
see that it explains the parabolic dependence ( )U   at small 
 , the respective coefficient being predicted with a relative 
error 20% . Increasing b and   by a factor of 2 reduces 
the error to 10% . 
 
 
Fig. 3. Existence and stability domains for the soliton solu-
tions in the ( , )b  plane for 3   (a), and in the ( , )   plane 
for 5b   (b). In (a), solitons exist when cob b , and are sta-
ble when crb b . In (b), they exist when co  , being stable 
in the domain bounded by the red dots and labeled cr . In 
both plots, 1c  . 
 
Therefore, as readily visible in Fig 2(c), the central result 
of this Letter is that the CD leads to the formation of wide 
families of stable two-dimensional spatiotemporal solitons. 
The stability of the soliton solutions was tested by adding 
white-noise perturbations (typically 0.1%  in the amplitude) 
to the initial conditions and calculating numerically their 
subsequent evolution up to 500 . Solitons that kept their 
shape in the course of the propagation were classified as 
stable ones. At both 1c  and 0c , only the low-amplitude 
branch close to the propagation-constant cutoff was found to 
be unstable in Fig. 2(a), with the entire family becoming 
stable above a critical value of the propagation constant, 
crb b . The dependencies ( )U   reveal two instability do-
mains in Fig. 2(b). As expected, the soliton solutions are un-
stable when CD   is small. Increasing   results in stabili-
zation of the soliton solution, but stability is again lost in a 
part of the branch with / 0U    , as one approaches the 
edge of the linear spectrum and as a consequence the soliton 
amplitude decreases. A summary of the stability domains is 
displayed in Fig. 3 in the parameter planes ( , )b , for a fixed 
mismatch  , and ( , )  , for a fixed propagation constant b . 
In Fig. 3(a) the stability boundary sharply rises close to 
0.83 , and no stability was found when CD was too 
small. In Fig. 3(b), soliton solutions exist below the co  
curve, which is defined by the boundary of the linear spec-
trum [see Eq. (3)]. In that case, stable solutions were found 
only in a limited range of the CD coefficient and in a limited 
range of values of the refractive-index mismatch. Thus, one 
concludes that an inter-core mismatch is necessary for stabi-
lization to occur, and thus no stable solutions exist when 
0 . Note that at b , the first component 1q  strongly 
broadens and solutions become unstable, in agreement with 
the general instability trend for low-amplitude broad excita-
tions, for which the CD stabilization effect is negligible. 
 
 
Fig. 4. The absolute value and real and imaginary parts of 
the field for dipole solitons with 9b  , 3  , 3.4  , 1c  . 
The plots are shown within , [ 3, 3]      window. 
 
Finally, we found that the presence of a suitable CD not 
only affects the stability of fundamental soliton solutions, 
but that it also makes formation of their stationary bound 
states possible. An example of a dipole-mode bound-state is 
shown in Fig. 4. The bright spots in such bound states were 
always found to be aligned along the   axis, and their phase 
structure was found to be rich. In particular, in some cases, 
the phase of the component 2q   was observed to exhibit rap-
id variations around 0  on top of an almost constant 
phase gradient typical also for fundamental solitons. We 
found that bound states require a minimum value of the CD 
coefficient   for their existence. As expected for such excited 
states all dipole solutions were found to be unstable upon 
propagation. 
Summarizing, we have shown  that the CD (coupling 
dispersion) dramatically modifies properties of spatiotem-
poral solitons in Kerr media: CD helps to generate soliton 
families that exist under a variety of material and excitation 
conditions, and are stable against critical collapse. 
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